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A method based on the principle of superposition is 
presented for deriving the span load distributions Of 
wings. The procedure involves, as a first step, the de- 
termination of a chord distribution that corresponds to. 
an elliptical loading and the given distributions of an- 
gle of attack and lift-curve slope. The ddffcrencos bc- 
tween this fictitious and the givon chord dis-tributron 
define the smaller component loads to be add%d to the in- 
itial elliptical load to produce a now span loading that 
more nearly satisfies the given problem than did the inf- . 
tial load. Tho subsequent steps follow a ssmilar pro- : ._ 
coduro; the successive series of additional component 
loads, however, become rapidly negligible. Tho mathod is 
conparativcly quick and simple and should prove useful in 
problems for which the span load dist$ibutfons are not 
otherwise readily obtainable. 

IBTBODUCTION 

In airplane design, problems concerning wing etresses, 
stalling characteristics, performance at moderate to hfgh 
angles of attack,and lateral controllability require knowl- 
edge of the wing span load distribution. Refined presont- 
day design practice has grown away from the use of arbi- 
trarily assumed curves of span loading ana the distribu- 
tions are derived by methods based on vortex theory. The 
most successful of such methods have employad Fourier sor- 
ies analyses (roferenccs 1 and 2). These methods have 
been used to make readily available the span load distri- 
butiozs for many representatfvo wfrng designs (references 
3, 4, 5, and 6). 

Whore a span loading of more than ordinary complexity 
is involved, a Fourier series method of. analy-sis can be- 
come too tedious to be justified. In such a problem, a 

\ , ; _-_-- 
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method of successive approximations- (reforoncc 7) enploy- 
ing slmplo graphical integrations of the fundamental 
equation for the induced angle at the wing (reference 1) 
can bo rosortcd to. The labor of dxriving the induced- 
angle distributions associated with tho successive approx- 
imations earl be minimized by graphical dodges or can be 
practically eliminated by the use, where available, of an 
integrator designed for the purpose, (See reference 8.) 
Although the effort entniled by a method of successive 
approxinations may therefore be considerably reduced, 
these methods suffer the disadvantage of requiring a cer- 
tain anount of experience and judgment on the part of the 
engineer. Inasmuch as he seldom has occasion for acquir- 
ing such experience or judgnont, he is generally reluc- 
tant to employ a method of successive npproximatfons when 
the need arfses. 

It therefore appears desiratsle to have some method of 
doriving span load distributions that is capeble, within 
tho limitations of vortex theory, of handling any wing de- 
sign with a minimum of offort and experience on the part 
of the user. The purpose of this paper is to present such 
a method. 

SYMBOLS AND DEFIXITIOXS 

It is desirable first to define tho symbols and the 
concepts employed: 

b, 

C9 

jr, 

aas 

v 

L, 

4, 

ao* 

wing span. 

wing chord. 

spanwise distance from wing center line. 

geometric angle of attack in degrees from tho 
angle of zero lift of a secti.on along the span. 

e 
section-lift coefficient, dL/qcdy. 

wing-lift force. 

dynamic pressure, 'a/' 
:, w' 

section lift-curve sl-&oe 
E 

in degroo measure : 
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, 

Y 

nondinensfonal load fqtensity at a section 
along the span. 

increnent of load intensity at a section 
'along the span. 

induced angle fn degrocs at a section along 
the span asso,ciated with a given span-'load - 
distribution and deternined fron the aqua- - 
tion 

' (ail1 
57.3 =- 

3Tr 

1 cl ( c \. 
r 

%/2./ 

'Y ( 
. -1 "!igz > 

b/2 \ 
I 

Yl - Y a(") 
b/2 

The sign bf ai is taken as positive in a sense opposite 
to the wing angle of attack. 

Aql incroncnt of Induced angle at any section. 

-- 

.- 
It is convoniont to write the wing pla?-forn dinen- 

sions as noadinensional ratios .in terns of the sonispan; 
that is, the chord distribution is described as the curve 

- 

of C agair_st Y 
b/2 b/2' 

The span load distribution is sinilarly defined as 

tho curve of cl5 Y 
3/2 

against - 
742 

and the induced-angle 

distribution is'the'curve of ai Y against - -l<JT<l l 

b/2 b/2 > 

The conponent loads arc spanwise dfstributioas of load 
intensity whose span lengths nay be equal to or less than 
the wfng span. They are nddod together to forn the span- ' 
load dfstributfons. Their characteristics are described 
in this report by the following synbols: _ 

E; value of 
%fz 

at tho span conto? line of the 

initial elliFticc.1 conponont load that falls ;t 
on the wing span ceater line. $ 

61 C value of ct- 
b/2 

at the span center line of ail 

additidnal conponent load. ._ 
r .e 

fc 
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1, 

1, 2, .*.n, 

yn* 

cl a ’ 
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hnlf=vfdth of a conponsni; load. For the ini- 
tial elliptical component, D = b/2. Tho 
nondimensional form fs D 

5/'2* 

subscript to identify quantitie, associntod 
with the initial clliptfcnl conposozt load. 

subscripts to identify quantities asaociatod 
with the first-the second, and the nth 
series of additional component loads, ro- 
sscctively. 

. 
syanwioa~distanaa of the ccntor line of un 

nth component load from the span ccntor 
line of the wing. 

spanwiso distance from the ccntor lina of a 
conponcnt load. 

estimated weightod average of the given cc, 
distribution. 

cstixated weighted avoragc of the &fven 6, 
distribution. 

wini: aspect ratio. 

wing-tip chord. 

wing chord at spa13 ce0te.r line. 

. 

. 

-a 

- l 
_. .- 

. 

TRE OXY 
. 

The nothod is-based on the principle of suparposf- 4 
tton: If individual load distributions arc conbinod, thofr 
separate induced-angle .dPstributions nay bo likewise nddcd 
to give tho distribution of induced snl;lo associated with 
the resulting loading, Qbviously, any dcsirod span load 
distribution can bo constructed by suitably combining a 
sufficient number of component 1oad.s~ Esso~tially than, 
the motho-d roducos to tho %roeess of dotermining the com- 
ponont loads which, when conbinod, will.eivc tho resultant 
load distribution and its associated induced-angle dlstri- 
bution that will satisfy the given prcrblon. 

I 
. 

-* 
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Curve sha>es suitable for processes of superposition 
nust first bo chosen. These shapes will constitute the 
"building blocks11 of tho nethod, the conponent loads. For. 

convenience, the conponent loads and their associated die- Gr 
tributions of induced a;lglc should be easily defined and 
easily nanipulated curves. The elliptical load distribu- 
tion ferns a satisfactory initial conponent (fig. l), its 
span di;lension being taken equal to the wing-span dinen- 
sion and its associated induced angle being a.constart 
value over the wing span. The additional conponont loads* c, 
likely to bo applied at any spanwise positios should pref- ' L . . 
ernbly ;zot be elliptical in shase bocauso tho upwash vo- .* 
locity innodiately beyond. their tips would then be tho- 
erotically infinite in value, 

-I-: 
The curve shown in figure 2 i = 

avoids this difficulty and has been chosen in this report \ 
' to forn tha additional conponent$. With the shapes of the 

conpo:lent loads decided upon, the procedure for deternin- 
inz their nagnitudes, proportions, and positions for any 
civon problen rcnnFns to be oxplafned;- -- ----.- -.--5-Z! 

the plsn.forn of the wing'is 
--:: 

In any given problen, 
generally known. Also given are the s@arrtifsc distribu- 
tions of the soctiori lift-curve Slope ai- tid,tho geo- - 
Dotric angle of attack fron zero lift aa. The procedure 
to be descrfbod involves, as a first step, the dbternina- 
tion of a chord distributiop that satisfies an elliptical 

~ 

span load distribution (the initial cotiponofit) and the 
given distributions of arLgle of attack and section lift- 
curve slope. Tho hiffsroncos between this fictitious and 
the given chord distributions define the additional conpo- 
nent loads to be superposed upon the initial conponent to 
produce a now span loud distribution that nore nearly sat- 
isfies the given problen than did the elliptical conp-mimt. 
The subsequent steps follow a sinilar procedure; the au&-- 
cessive series of additional conponents, however, becoue - 
rapidly negligible. - _- . ,--. .-., . -I- 

The initial elliptical conponent of tho span load 
distribution is set up so that its nagnitudo iS judged to 1; 
be of the sane general order as that of the resultant dis- 
tribution sought. The distinguishifig dinetision of this 
conponont load is its ordinate at-tho.6entz%-Iigo -2s --A .- 
shnple expression for ostinating sj will 3.0 given later. 
The value of E: detorninas the nagnitude of_tha correL t .- 
sponding induced angle ai .-; 
a constant over the spah. I 

which, bf course,.‘Gil.1 bo 3 V 
'S 

The subscript I is used to distinguish the quanti- 
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ties associated with the iilitinl olli,~tical con2anor.t 
l&ad, and tie followifig stess are defined: 

At any sgailrsiso point: 

-01 = a, - 91 

( 
c 

cI -= Cvz- I > 
b/2 

% 

=I d chord distributios, - Y nt;8inst - 
b/2' 

ia thus . 
b/2 

obtained that satisfies the elliptical conponczlt load and 
t110 given ua and a, distributions. This chord distri- 
bution differs fron the civon chord distribution in n nan- 
ner rolatod to the differoacos between thc.clllgtical con- 
ponoxt load and the actual load-distribution sought. Ob- 
viously, if the two chord distributions should happen to 
agree, the ollipticsl load conponont would be the correct 
load distribution for the >roblon. Theso chord differ- 
eccos are how invosti,;atod: 

. 

A cI=- C 
‘c.i 

-- 

b/2 b/2 b/2 

cI 
Tho distributiocs of A - 

b/2 
iBdfCciCQ where and hUW the 

initial load conponent should be nodified to approach the 
resultant span load distribution being soue;ht. 

ci For aach A- 
b/2 

distribution, the following qumti- 

ties are roughly noted: its width, taden asthatportion 
of the span over which it naintnins continuously positive 
or negative values: and its span position, taken as the 
location of the' midpoint of-its width. The next att?l> is 
to apply an additional couponopt 1092. (the first additional 

+ cI loads) at each position of the A- 
b/2 

distributions of a . 

magnitude crslculatod to renove these chord difforeacos. 
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The characteristic dinensions of each additional con- 
ponent load to be enploycd (fig. 2),are its ordinate at 

its r;idpoi;lt, S,, Dl and its half-breadth, - 
b/2' 

where the 

subscript 1 is used to identify quantities corresponding 
to the first series of additional loads. The distribution 
of induced angle, *ai,, associated with an additional 
conponcnt, fs defined by the values of S, and s. (See 

fig. 2.) Dl The quantity - is set equal to theh+lf-width 

of the %$s 
b/2 

distribution; and the value of 6, is, so' 

chosen that, at the position, applied, the resulting load 

interisity ( A\ 
cl b/2 '1 

divided by the given a0 ' and by 

the given aa nfnus the resulting-total induced angle a. 
=I' 

will equal the given 
7$-z* 

The induced interference at ; 

this span position of the other siny~tanqously applied ad- .--' 
ditional conponcnt loads is general&-y snnll and is-6eg&oct- 
ed in this calculation, A sfn2le expression for ~EcEeFEiin- 
ing 6, will be givou later. . z 

When the 6, loads just deternined are thus added to 
the initial conponont load and the correspondingdistribu- 
tions of induced angle are sinilarly added, a new span dis: 

tribution of load c c =' b/2 ) 
and its associated induced- 

1 . 
angle distribution ai are obtained that approach the UC- 
tual distributions soukht. The -procedure continues: 

At any spanwise point; 

where ai 1 = ai i +CAai,, Aair being the increnent of 

induced angle corresponding to each &L. load, 

% = a0 a, 1 .- 
( C 

Cl 
-= cl b/Z ) 1 

3/2 Cl1 
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whore ( C 

'lb21 = 7-J 
being tho ioacl incrcmon% associated with a 6, iozd. 

A ncv chord distribution, -% against Y 
b/2 b/2) 

iS 

thus obtafnod that satisfios the now span londfng and the 

given aa and a0 distributions. This -% 
b/2 

distribu- 
C 

tion asprsachqs-tho given - distribution nor0 closely 

c1 b/2 
than did tho b/2 

distribution. 

The new chord diff%renccs.aro invcstigntod: 

Cl C 
A 

Cl -z--d- 

b/2 %/2 b/2 

A sacoxc? series of additioattl con;lnnont loads, the Sz 
10~69, nnd their corresponding distributions of inducad 
rtnglo arc obtained as baforc and added to tho 

( arh ui 1 distributions to fo3ztk.o 

and ai distributions. 
2 

As bcforot . 

a’“2 
= aa - ai, 

32 = 3o aoa 

, 

, 

etc. 

Tho ropoatod cycle of oparations described is con- 
tinued until the nth scrics of conponcnt londa cbtninod i = 

r7ra nogligibla. The c -5 
" b/2 ) n 

distribution is than '1 
\ 

tho distribution sought. Ordfnnrily, mly three cyclas arc 
roquirod. 
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APPLICATIO?i 

Fornulas and Charts ' 

Tiis initial conuonont.- Figure 1 is enployed to set 
up the initial elliptical con>onent load, th-e cotiponent 
width being the wing s;?an. TCho center-line ordlnahe f 
nay be obtatincd by the expression: -_ 

;ii, 
E= 

where Ea and a0 are roughly estinated weighted aver- 
agt?S Of the CGa and a0 distributions, .&d A is the 
wing aspect ratio. The ordinates arc scaled proportion- ', 
ately to E fron figure 1, The iadaccd-angle distribu- 1 
tion associated with tiia load is a ‘CT&V% ‘of cotistdnt or- , 

t dinate: 
1 

\ L 
. aiI = 7.16E de&reos .- i 

The additional con>;okont.s.- Figure 2 shows the curve 
shape chosen in this report to form the additional conpo- 
nent loads. The chnractcristic dinensions of an addition- 

al conponcnt load are its half-breadth -!?- and its or- 
6/2 

dinate at the center li!lo 6.: The half-breadth i is 
-.b/2 

set equal to the half-breadth of the distributiop-of-chord- 
differences being considered, as explained .in the previous 
section. The subscript 1 is ap?erded to identify qunn- 
tit$es associated vith the first ndditioaal conponcnt 
loa'ds ; the subscrii:t I idcntffics quentities associated 
with the initial elliptical canyonpnt; and z, 
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whore uo I = ua - ai I at tho spagwise position of the 6, 

load, ( 
C 

Ctb/2 1 ) is the ordinate of the elliptical con- 

ponont load at that position, _.91 is the half-breadth 
b/2 

of the 6, load, and the other quantities arc given in 
the .probleLr. 

Similarly, the second additional conponcnt loads nay 
subsequently be found; . 

and the nth additional components: 

C 

ao b/2 non-i - -4 

6, = 

1 -i- (a0 ") 
b/2 

,Charts f-orthc ad-Littona can>onents.- In order to 
obtain the distribution--of load associated with any addi- 
tional conponont to be added. to the c+urvo of span load 
distribution, the loG.shape of figure 2 is expandad, tha 
abscissas proportionat.8ly to the raquirod value of- 

. 

an'd the ordinatds::,&roport-ionately to the raquirod 6. - 
.-. _-. 

The r.ssqciated additional distribution of fzlduced an&e 
is sixxilarly obtained by erlmnding the abscissas of the 
indmzed-.anglc curve of :f?,gre 2 proportionately to 

+ 
6 an.d the,ordinates -proportionately to -. 

5g 

The 

charts of figures Sand-4 have been I>koptire-d fo facf1i.L 
tate this procodurc. These charts parnit a rapid dotcmi- 

2. 

: 
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. 
nation of the values of A cl c 

plied at any span position, ,Yb12 
and Acq to be.ap- 

m 
on the wing for any 

given addftiohal load position 
3 

(5 = +-and for any- 

values of - and 6 
b/2 

within the xange of usefulness. 

The. sinple cqnstruction of the charts readily allows then 
to be reproduced to a larger scale than is possible for 
publication. 

. The chart of figure.3 is used as follows: _ The & 

- 

scale, which rcpresonts the wing span, is shifted to 
bring the 6-load c-onto?.? line to fts desired position, 
Y 

** 
A horizontal base line is established in the fan of 

--- yA lines so that its length fron 'yA'= 0 to yA = Sl;O-B- 

is equal to the given Dn 
b/Z* 

The point on tho span under 

consfdoratfon' $s projected vcrticslly fron the shifted 
Y 

bj2 
scale to this base line in the .yA fan and is then 

carried radially to the 6-load baso line. It is then - 
projected vertically to iintersect a curve that is picked - 
or interpolated fron the fanily of ‘S-load curves shown. 
This curve is so chosan that it has tho gfvca value of 6, 

as indicated on ona of the A cc\ bC2 -7-l 
scales. The or- 

dinate of the into$soction as road on the saac 

Acc' $3 ) 

'('t, bC2 T) 
scale is the value of to bo addod to the ex- n 
isting ssan 1oa.d distribution at tho spanwisa point being. 
considered and corresponds to the given values of 
yn Dil 

qz' qs' 
and 6,. Note that any of the e-load curves 

can be used with any of the scales to give the .dcsirod 
value of .S n l Furthor, any raluo~ of the oxpon,ent x- as- 
sociated with the scale can be used to. fix the decinal 
point as required. The procedure just described is illus- 
trated by broken lines fn.figure 3 for 
yn Y Dn 

bjZ* b/2) b/a' 
and 6n assumed equal to 0.35, 0..45,'0.25, 

and O.lG, respectively.. 
is 0.126. 

The corresponding value of,A(clbcz 
-7-j 
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Figure d Lo used sinilrtrly to figure 3. Tha inducod- 
angle curve to be enployod, however, is pickad or intorpo- 
lated, fron the fanily of curves shown, to have the dosired 

6 
vuluo of -. 

$5 

In the process of obtaining tha diatribu- 

tion of Aai corresponding to a given b-load, the dis- 
tribution is considered to oxtend sufficiantly far over the 

'. span to reach negligible values of. Aai. Tha procedure of 
usirg tho chart is illustrated in f-igure 4 for the sane 

. 

. 

assuned in figuro 3. 

The corresponding Aain is 4.00. 

BXar.lBle.- A:1 cxanpla is praseated in detail to ill.u_e-- .._._.._ 
tratc the application of the nethod,, Figure 5 and table I 
give the dataassuned to be known. 

Eperfoncc has shown that it is nuch nore convenient 
to perforn the con>utations not covorcd by the charts in 
tabular forn rather than by graphical construction. Table 
II presents the work necessary for doriving tha load dia- 
tributions. Table III gives the details of deriving the 
distributions ofinduced angle fnvolved in gettingtha 
chord differences of table II. Figure 6 $6 fncluded to 
illustrate the results of the tabular work. The check 
points shown ware obtained by graphical integration, as 
described in reference 7. In thfs exanplc, the third nd- 
ditional conporent loads are considered negligible and tha 

l 

c 

--. 

distribution is .acce>t.ed as satisfactory. 
s 

Pollowing through the axnnple is considered advisabla to 
obtain a working undarstanding of the nethod. 

The nethod as ;.reoented in this report nay accunulnta 
inaccuracies durin;.conputation. In sinplc exa~~ples, as 
the one given horain, this source of arror is not serious. 
In vary conplax problcns, wh-ere many series of additional 
loads arc required, tho nccunulati-on-of conputing inaccu- 
racies ilight becozle inportant. At en nth stage, it would 
therefore be advisable to derive the inducad-angle distri- 

bution associated with the curve of 
( 

also by 

gre,phical neans (seo rcforenco 7) or Jy ncans of an inte- , 
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grater such as described in refermce D to-check the cq 
curvo. T:rfs proceeding ronoves the error accunulatei! -n 
and the izothod can be continued afresh fron that &oin%. 

In t!lc working of a;l cx,mI~le, the fnduccd loads pro- 
duced by tho uswash at the tiijs of an additfonIiicon.o- 
nont nust not ,be neglected, in tabular procedure, i-t is 
sufficient to nake each cozponont-loed tip fall on a value . 

considered in the table. With the point of appll- 

cation, 
b/2 '. 

of the ndditional'load also falling on 

suck a value, the 'tabular work is loss than it otherwise 

would be because the -values of A(c+-) and Awn l42.n ---- 
to be tabulated are syxtotricul about (See tables 
II and III.} 

~oxcLUSION . -. . 

The nethod presented should,onable the engineer to 
obtain the span load distri3ution through's straight- -.- 

-- 

forward, arithnetical procedure in which conponent loads 
are added to forn the distribution sought. The-propor- ~~~~~~ 
tior,s, the zmgnftudes, and the relative span positions 
of these coqorent loads are deternin4d from sinple re- - 
lationshi?s derived frsn the differences between the gio- 
en chord distribution and the chord distributionsassoci- 
ated with the components thenselvos. -Charts have been 
included to.assist in the calculations. 

.- 

Points of procedure to bear ir- nind are: . . 

cr. 

. 

1. Tabular computation is nore convenient than 
g;raphical cogstruction. ; --.- -- _ 2. _.-.-__. -- 

2. The-interfcrcnco loads induced at the tips of 
each additional couponcnt load nustzntbo overlooked, as 
is possible in ta3ular conputation. 

-. . . .3. he '. accunulation of conputing-inaccufacies, though 
gonerally unicportant ih si~plc.grobleJs,'nay.be~ono sori- --. 
ous in ~roblcns requirinGthe addition ofr.any series of - 1 
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conponcnt locds. At any stage in tI-te process, the accu- 
nulntion of inaccuracies can be removed by a separate 
chock of the associated induce-angle distribution. 

. 
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Outboard motion 

Plan fom:A-S.Sa; or/ot=4; llnegr twist (outboard se&ion)= -9. 
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